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Abstract 

By application of a modified Burnside method, based on 
the explicit determination of class multiplication 
coefficients h~jk, the character table of the hypercubic point 
group in six dimensions B 6 - a group of order 46 080 - is 
obtained. This point group is used in the study of quasicrys- 
tals through a projection from six to three dimensions. 

Introduction 

Recourse is often made to higher-dimensional crystallogra- 
phy in order to explain irregularities or unusual patterns 
in lower dimensions. The discovery of icosahedral point 
symmetry in crystals of AI-Mn alloys has spurred interest 
in n > 3-dimensional space groups, beyond that of mere 
mathematical curiosity. 

Using inductive methods from 3-space K.ramer (1987) 
has shown how a rotation of the hypercubic lattice in 
6-space relates periodic cubic order with non-periodic 
icosahedral order. Further comparisons and projections 
from six to three dimensions require a knowledge of the 
character table for B6. 

B6 is a Coxeter group and hence can be generated by 
reflections. It is also the wreath product Z2 I' n of the 
two-element group Z2. This group is generated by n × n 
permutation matrices with elements ~ = ±I  and n × n per- 
mutation matrices. Applying a modification of Burnside's 
method for obtaining tables for groups of high order (Chen 
& Birman, 1971) we obtain, by directly computing the class 
multiplication coefficients h0k on the VAX-II/780,  this 
table for B6. A mechanism for the change from 6-space to 
3-space may be based on the Landau theory for phase 
transitions (Lyubarskii, 1960). We have accordingly iden- 
tified the polar vector representation of B6 and determined 
the Landau and Lifschitz activities of each of the 65 irreduc- 
ible representations in the table. 

Determination of character table for B6 

The point group G = B 6 of order g = 26 × 6! = 46 080 may 
be generated by 720 rotations and 64 reflections in six 
dimensions (Coxeter & Moser, 1965). An element f of B 6 
may be represented as a 2-row symbol (Kramer, 1987) 

1 2 3 4 5 6 

f =  e l f ( l )  . . .  e6f(6) 

where 

e , f ( i )=+f ( i ) ,  i = 1 , 2 , . . . 6  

0108-7673/89/120879-04503.00 

and f ( 1 ) , f ( 2 ) . . .  , f (6 )  is a permutation of $6, the sym- 
metric group of 6! permutations. 

Using standard group theory (Burnside, 1955), we 
obtained 65 classes. These are listed in Table 1, showing 
respectively the number of elements in each class, a rep- 
resentative element of a class and the order of that element. 
Only the lower row of the 2-row symbol above is shown. 

Let G be a finite group of order g. Let the class Ci of G 
be of order ri and the total number of classes be r. The 
class multiplication coefficients hij.k are defined by 

c, cj= ~ h,j.kCk. 
k = l  

For B6 18 692 independent h~j,k values were calculated. 
Let X~" be the character of class C~ in the tzth irreducible 

representation (irrep) R~, of G, tz = 1 , . . . ,  r. There are four 
basic equations that the X~" must satisfy with d~, = X~ being 
the dimension of the /x th  irrep: 

d 2 = g  (1) 
/a .=l  

rP(~X~*= gS,j (2) 
/..¢ = 1 

rP(~X~* = gS~,o (3) 
i = 1  

r, rjx~x ~" = d~, ~ ho.krkX ~ i,j = 1 , . . . ,  r. (4) 
k = l  

The importance of (4) cannot be overstated in verifying 
a character table. There are some characters that satisfy (1) 
and orthogonality relations (2) and (3) but fail (4). These 
pseudo-characters differ from the true ones in sign. Table 
2 shows the character table for B6. 

Activity of the irreps 

The Landau theory of phase transitions uses the concepts 
of order parameters and free energy. The latter is a poly- 
nomial expansion of the order parameters that is invariant 
under all symmetry elements g E G. The order parameters 
may be chosen from the basis functions of the irreps 
(Lyubarskii, 1960). 

Certain selection rules are used to predict whether a 
transition from G to a phase of lower symmetry is allowed. 
The Lifschitz and Landau criteria are respectively 

(I) rl ~ rox{ra} 2 

(II) r t  ~ [F~] 3 
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Class N u m b e r  E lement  

1 1 1 2 3 4 5 
2 6 1 2 3 4 5 
3 15 1 2 3 4 -5  
4 20 1 2 3 - 4  - 5  
5 15 1 2 -3  - 4  -5  
6 6 1 - 2  -3  - 4  -5  
7 1 -1 - 2  -3  - 4  -5  
8 30 1 2 3 4 6 
9 30 1 2 3 4 6 

10 120 1 2 3 - 4  6 
11 120 1 2 3 - 4  6 
12 180 1 2 -3  - 4  6 
13 180 1 2 -3  -4  6 
14 120 1 -2  -3  -4  6 
15 120 1 -2  -3  - 4  6 
16 30 -1  -2  -3  - 4  6 
17 30 -1  - 2  -3  - 4  6 
18 180 1 2 4 3 6 
19 360 1 2 4 3 6 
20 180 1 2 4 -3  6 
21 360 1 -2  4 3 6 
22 720 1 - 2  4 3 6 
23 360 1 - 2  4 -3  6 
24 180 -1 - 2  4 3 6 
25 360 -1 - 2  4 3 6 
26 180 -1  - 2  4 -3  6 
27 120 2 1 4 3 6 
28 360 2 1 4 3 6 
29 360 2 1 4 -3  6 
30 120 2 -1  4 -3  6 
31 160 1 2 3 5 6 
32 160 1 2 3 5 6 
33 480 1 2 - 3  5 6 

T a b l e  1. Class structure of B 6 

Order  Class  N u m b e r  E lement  Orde r  

6 1 34 480 1 2 -3  5 6 - 4  6 
-6  2 35 480 1 -2  -3  5 6 4 6 
-6  2 36 480 I -2  -3  5 6 - 4  6 
- 6  2 37 160 -1 -2  -3  5 6 4 6 
-6  2 38 160 -1 -2  -3  5 6 -4  6 
-6  2 39 640 2 3 1 5 6 4 3 
-6  2 40 1280 2 3 1 5 6 - 4  6 

5 2 41 640 2 3 -1 5 6 - 4  6 
-5  4 42 720 1 2 4 5 6 3 4 

5 2 43 720 1 2 4 5 6 -3  8 
-5  4 44 1440 1 - 2  4 5 6 3 4 

5 2 45 1440 1 -2  4 5 6 -3  8 
-5  4 46 720 -1 -2  4 5 6 3 4 

5 2 47 720 -1 -2  4 5 6 -3  8 
-5  4 48 1440 2 1 4 5 6 3 4 

5 2 49 1440 2 1 4 5 6 -3  8 
-5  4 50 1440 2 -1 4 5 6 3 4 

5 2 51 1440 2 -1 4 5 6 -3  8 
-5  4 52 2304 1 3 4 5 6 2 5 
-5  4 53 2304 1 3 4 5 6 - 2  10 

5 2 54 2304 -1 3 4 5 6 2 10 
-5  4 55 2304 -1 3 4 5 6 -2  10 
-5  4 56 960 1 3 2 5 6 4 6 

5 2 57 960 1 3 2 5 6 - 4  6 
-5  4 58 960 1 3 -2  5 6 4 12 
-5  4 59 960 1 3 -2  5 6 - 4  12 

5 2 60 960 -1 3 2 5 6 4 6 
-5  4 61 960 -1 3 2 5 6 - 4  6 
-5  4 62 960 -1 3 -2  5 6 4 12 
-5  4 63 960 -1 3 -2  5 6 - 4  12 

4 3 64 3840 2 3 4 5 6 1 6 
- 4  6 65 3840 2 3 4 5 6 -1 12 

4 6 

where Ft is the identity representation Fo is the polar vector 
representation and F~ is an irrep of group G. {F} 2 and 
[ F ]  3, r e s p e c t i v e l y  t h e  a n t i s y m m e t r i z e d  s q u a r e  a n d  s y m -  

m e t r i z e d  c u b e  o f  F c ,  a r e  d e f i n e d  b y  ( L y u b a r s k i i ,  1960)  

( I a )  {X}2(g)=½x2(g)-½x(g 2) 

( IXa)  [ X ] 3 ( g )  = kx(g 3) +½x(gZ)x(g) +kx3(g). 

W e  h a v e  f o u n d  t h a t  Fo is R~5 in  o u r  t a b l e .  Al l  t h e  i r r e p s  
w e r e  L i f s c h i t z  a c t i v e .  T h e  i r r e p s  t h a t  d i d  n o t  s a t i s f y  t h e  

L a n d a u  c o n d i t i o n  w e r e  R~,  R6 ,  R~2, R I 7 ,  R26, R30, R32, 

R33, R44, R45,  R57, R s s ,  R59, R62 a n d  R63. 

Projection into 3-space 

K r a m e r  ( 1 9 8 7 )  u s e s  i2, h2, g2,  g3,  g4, g5 as  t h e  g e n e r a t o r s  
o f  c u b i c  a n d  i c o s a h e d r a l  g r o u p s  ( / ,  lh). T h e y  b e l o n g  to  

c l a s s e s  7, 21,  24,  39, 50, 52 r e s p e c t i v e l y  in T a b l e  1. C l a s s  

52 (2304  e l e m e n t s )  is u n i q u e  a m o n g  al l  65 c l a s s e s  in  p o s s e s s -  

i ng  e l e m e n t s  o f  5 - f o l d  o r d e r .  W e  wil l  u s e  its r e p r e s e n t a t i v e  

e l e m e n t  [ 1 3 4 5 6 2] as  gs .  

E [15ez] [20e3] [12e5] [12e~] 

R~ 1 1 1 1 1 
R~ 3 - 1  0 ~" 1 -~" 
R~ 3 - 1  0 1 -~" r 
R~ 4 0 1 - 1  - 1  
R~ 5 1 - 1  0 0 

Charac t e r  table  of  icosahedra l  g roup  I [ r  = (1 + x/2)/2. 

If we restrict the elements in B 6 to  the corresponding 
elements of I, we obtain for the 6-dimensional irreps Rt3, 

Rt4, R~s, and Rl6  (Table 2) the characters of a reducible 
representation F6 in 3-space. 

E [15e2] [20e3] [12es] [12e~] 

/'6 6 - 2  0 1 1 

Hence a unitary (orthogonal) matrix M exists which 
completely reduces the 6-dimensional representation Dr~ 
to block-diagonal form: 

0] 
D ~ '  

w h e r e  D~  a n d  D~ a r e  t h e  3 x 3 m a t r i c e s  c o r r e s p o n d i n g  to  

R~ a n d  R~ r e s p e c t i v e l y .  I f  w e  f o c u s  o n  g s ,  w e  c a n  o b t a i n  
th i s  r e d u c t i o n .  T h e  12 v e r t i c e s  o f  a n  i c o s a h e d r o n  ( e d g e  2) 

a r e  g i v e n  as  ( C o x e t e r ,  1973)  

(0,  ± 7 ,  ± 1 ) ,  ( ± 1 ,  0, ±7-),  ( ± z ,  + 1, 0).  

Let an axis of 5-fold symmetry in 6-space pass through 
the vertices (0, 1, r), ( 0 , - 1 , - r )  in 3-space. The vertices 
(r, 0, 1), (0, -1,  r), ( - r ,  0, 1), (-1,  z, 0) and (1, z, 0) all lie 
in  a p l a n e  in 3 - s p a c e .  By  r o t a t i n g  t h e s e  v e r t i c e s  w i t h  g5 w e  

o b t a i n  as  o n e  o f  i ts  r e p r e s e n t a t i o n s  in 3 - s p a c e  

I z-I/2 z/2 -1 /2  ] 
D~(gs)= - r / 2  1/2 r-1/2 . 

1 / 2  r - 1 / 2  r / 2  

The 20 vertices of the reciprocal dodecahedron (edge 
2z -l) are 

(0,  + z  - l ,  ± z ) ,  ( + z ,  0, ± z - l ) ,  ( ± z  -1,  ± z ,  0) ,  ( ± 1 ,  + 1 ,  + 1 ) .  
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Table 2. Character table o f  B 6 

C l a s s  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 
R I 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ! 1 1 1 1 1 1 1 1 1 1 1 
R 2 1 1 1 1 1 1 1 -1  -1  -1  -1  -1  -1  -1  -1  -1  -1 1 1 1 1 1 1 1 1 1 -1 -1  -1  -1  1 1 
R 3 1 -1  1 - I  1 -1  1 -1  1 1 -1  -1  1 1 -1  -1  1 1 -1  1 -1  1 -1  1 -1  1 -1 1 -1  1 1 -1  
R 4 1 -1  1 - I  1 -1  1 I -1 -1  1 1 -1  -1  1 1 -1 1 -1  1 -1  1 -1  1 -1  i 1 -1  1 -1  1 -1  
R 5 5 5 5 5 5 5 5 1 1 I 1 ! 1 1 1 1 ! ! 1 1 1 1 1 1 1 1 -3  - 3  - 3  - 3  -1 -1 
R 6 5 5 5 5 5 5 5 - !  - I  -1 -1  -1  -1  -1  -1  - I  -1  I 1 1 1 1 1 1 1 1 3 3 3 3 -1  -1 
R 7 5 - 5  5 - 5  5 - 5  5 - 3  3 3 -3  - 3  3 3 - 3  -3  3 1 -1  1 -1 1 -1  I -1 1 1 -1  1 -1  2 - 2  
R 8 5 - 5  5 - 5  5 - 5  5 3 - 3  -3  3 3 - 3  - 3  3 3 - 3  1 -1  1 -1  1 -1  1 -1 ! -1 1 -1  1 2 - 2  
R 9 5 --5 5 --5 5 --5 5 1 --1 --1 1 1 --1 --1 1 1 --1 1 --1 1 --1 1 --1 1 --1 1 --3 3 --3 3 --1 I 
Rio 5 - 5  5 - 5  5 - 5  5 -1 1 1 -1 -1  1 1 - I  - I  1 1 -1  1 -1  1 -1  I -1  1 3 - 3  3 - 3  -1  1 
Rii  5 5 5 5 5 5 5 - 3  - 3  - 3  -3  - 3  - 3  - 3  - 3  -3  - 3  1 1 1 1 1 1 1 1 1 1 1 1 1 2 2 
Ri2 5 5 5 5 5 5 5 3 3 3 3 3 3 3 3 3 3 ! 1 1 1 1 1 1 1 1 -1  -1  -1  - I  2 2 
RI3 6 4 2 0 - 2  - 4  - 6  - 4  - 4  - 2  - 2  0 0 2 2 4 4 2 2 2 0 0 0 - 2  - 2  - 2  0 0 0 0 3 3 
RI4 6 - 4  2 0 - 2  4 - 6  4 - 4  - 2  2 0 0 2 - 2  - 4  4 2 - 2  2 0 0 0 - 2  2 - 2  0 0 0 0 3 -3  
Rt5 6 4 2 0 - 2  - 4  - 6  4 4 2 2 0 0 - 2  - 2  - 4  - 4  2 2 2 0 0 0 - 2  - 2  - 2  0 0 0 0 3 3 
RI6 6 - 4  2 0 - 2  4 - 6  - 4  4 2 - 2  0 0 - 2  2 4 - 4  2 - 2  2 0 0 0 - 2  2 - 2  0 0 0 0 3 - 3  
Rt7 9 9 9 9 9 9 9 3 3 3 3 3 3 3 3 3 3 1 1 1 1 1 1 1 1 1 3 3 3 3 0 0 
Rts 9 9 9 9 9 9 9 - 3  - 3  - 3  -3  - 3  - 3  - 3  - 3  -3  -3  1 1 1 1 1 1 1 1 1 -3  - 3  - 3  - 3  0 0 
Rt9 9 - 9  9 - 9  9 - 9  9 3 - 3  -3  3 3 - 3  -3  3 3 - 3  1 -1  1 -1 1 -1 1 -1 1 3 - 3  3 - 3  0 0 
R2o 9 - 9  9 - 9  9 - 9  9 -3  3 3 -3  - 3  3 3 - 3  -3  3 1 -1  1 -1 1 -1  1 -1  1 - 3  3 - 3  3 0 0 
R2I l0 -10  10 -10  10 -10  10 2 - 2  - 2  2 2 - 2  - 2  2 2 - 2  - 2  2 - 2  2 - 2  2 - 2  2 - 2  - 2  2 - 2  2 1 -1 
R22 10 -10 10 -10  10 -10  10 - 2  2 2 - 2  - 2  2 2 - 2  - 2  2 - 2  2 - 2  2 - 2  2 - 2  2 - 2  2 - 2  2 - 2  1 -1  
R23 10 10 10 10 10 10 10 - 2  - 2  - 2  - 2  - 2  - 2  - 2  - 2  - 2  - 2  - 2  - 2  - 2  - 2  - 2  - 2  - 2  - 2  - 2  2 2 2 2 1 1 
R24 10 10 I0 10 10 10 10 2 2 2 2 2 2 2 2 2 2 - 2  - 2  - 2  - 2  - 2  - 2  - 2  - 2  - 2  - 2  - 2  - 2  - 2  1 1 
R25 15 - 5  -1  3 -1 - 5  15 - 7  5 1 1 1 - 3  1 1 - 7  5 3 -1  -1  -1  -1  3 3 -1  -1 -3  1 1 - 3  3 - 3  
R26 15 - 5  -1 3 -1  - 5  15 7 - 5  -1 -1  -1 3 -1 -1 7 - 5  3 -1  -1  -1  -1  3 3 -1  -1  3 -1 -1  3 3 - 3  
R27 15 5 -1  - 3  -1 5 15 5 7 -1 1 -3  -1  - l  1 5 7 -1  1 3 - 3  -1  1 -1 1 3 - 3  -1  1 3 3 3 
R28 15 5 -1  - 3  -1  5 15 - 5  - 7  I -1 3 1 1 -1 - 5  - 7  -1  1 3 - 3  -1 1 - I  1 3 3 1 -1  - 3  3 3 
R29 15 - 5  -1  3 -1  - 5  15 5 - 7  1 1 - 3  1 1 1 5 - 7  -1  -1  3 3 -1  -1  -1  -1  3 -3  1 1 - 3  3 - 3  
R3o 15 - 5  -1  3 -1 - 5  15 - 5  7 -1 -1  3 -1  -1  -1 - 5  7 -1 -1  3 3 -1 -1 - I  -1  3 3 -1  -1 3 3 - 3  
R31 15 5 -1  - 3  -1 5 15 - 7  - 5  -1 1 1 3 -1 1 - 7  -5  3 1 -1 1 -1 -3  3 I -1 -3  -1  1 3 3 3 
R32 15 5 -1  - 3  -1 5 15 7 5 1 -1 -1  - 3  I -1 7 5 3 1 -1 1 - I  - 3  3 1 -1 3 1 -1  - 3  3 3 
R33 16 16 16 16 16 16 16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 - 2  - 2  
R34 16 -16  16 -16  16 -16 16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 - 2  2 
R35 20 0 - 4  0 4 0 -20 8 0 0 - 4  0 0 0 4 - 8  0 4 0 - 4  0 0 0 - 4  0 4 0 0 0 0 2 0 
R36 20 0 - 4  0 4 0 - 2 0  - 8  0 0 4 0 0 0 - 4  8 0 4 0 - 4  0 0 0 - 4  0 4 0 0 0 0 2 0 
R37 20 0 - 4  0 4 0 -20  0 8 - 4  0 0 0 4 0 0 - 8  - 4  0 4 0 0 0 4 0 - 4  0 0 0 0 2 0 
R38 20 0 - 4  0 4 0 -20  0 - 8  4 0 0 0 - 4  0 0 8 - 4  0 4 0 0 0 4 0 - 4  0 0 0 0 2 0 
R39 24 16 8 0 - 8  -16  -24  - 8  - 8  - 4  - 4  0 0 4 4 8 8 0 0 0 0 0 0 0 0 0 0 0 0 0 3 3 
R4o 24 16 8 0 - 8  -16  -24  8 8 4 4 0 0 - 4  - 4  - 8  - 8  0 0 0 0 0 0 0 0 0 0 0 0 0 3 3 
R4! 24 -16  8 0 - 8  16 -24  8 - 8  - 4  4 0 0 4 - 4  - 8  8 0 0 0 0 0 0 0 0 0 0 0 0 0 3 - 3  
R42 24 -16  8 0 - 8  16 -24  - 8  8 4 - 4  0 0 - 4  4 8 - 8  0 0 0 0 0 0 0 0 0 0 0 0 0 3 - 3  
R43 30 10 - 2  - 6  - 2  10 30 - 2  2 - 2  2 - 2  2 - 2  2 - 2  2 2 2 2 - 2  - 2  - 2  2 2 2 - 6  - 2  2 6 - 3  -3  
R44 30 10 - 2  - 6  - 2  10 30 2 - 2  2 - 2  2 - 2  2 - 2  2 - 2  2 2 2 - 2  - 2  - 2  2 2 2 6 2 - 2  - 6  -3  -3  
R45 30 -10  - 2  6 - 2  -10 30 2 2 - 2  - 2  2 2 - 2  - 2  2 2 2 - 2  2 2 - 2  2 2 - 2  2 6 - 2  - 2  6 -3  3 
R46 30 -10  - 2  6 - 2  -10  30 - 2  - 2  2 2 - 2  - 2  2 2 - 2  - 2  2 - 2  2 2 - 2  2 2 - 2  2 - 6  2 2 - 6  -3  3 
R47 30 -20  10 0 -10 20 -30  4 - 4  - 2  2 0 0 2 - 2  - 4  4 2 - 2  2 0 0 0 - 2  2 - 2  0 0 0 0 - 3  3 
R48 30 20 10 0 -10 -20  -30 - 4  - 4  - 2  - 2  0 0 2 2 4 4 2 2 2 0 0 0 - 2  - 2  - 2  0 0 0 0 - 3  -3  
R49 30 -20 10 0 -10 20 -30  - 4  4 2 - 2  0 0 - 2  2 4 - 4  2 - 2  2 0 0 0 - 2  2 - 2  0 0 0 0 - 3  3 
Rso 30 20 10 0 -10  -20  -30  4 4 2 2 0 0 - 2  - 2  - 4  - 4  2 2 2 0 0 0 - 2  - 2  - 2  0 0 0 0 -3  - 3  
Rst 36 -24  12 0 -12 24 -36 0 0 0 0 0 0 0 0 0 0 - 4  4 - 4  0 0 0 4 - 4  4 0 0 0 0 0 0 
R52 36 24 12 0 -12 -24  -36  0 0 0 0 0 0 0 0 0 0 - 4  - 4  - 4  0 0 0 4 4 4 0 0 0 0 0 0 
R53 40 0 - 8  0 8 0 -40  8 - 8  4 - 4  0 0 - 4  4 -8  8 0 0 0 0 0 0 0 0 0 0 0 0 0 1 - 3  
R54 40 0 - 8  0 8 0 -40  - 8  - 8  4 4 0 0 - 4  - 4  8 8 0 0 0 0 0 0 0 0 0 0 0 0 0 1 3 
R55 40 0 - 8  0 8 0 -40  -8  8 - 4  4 0 0 4 - 4  8 - 8  0 0 0 0 0 0 0 0 0 0 0 0 0 1 - 3  
R56 40 0 - 8  0 8 0 -40  8 8 - 4  - 4  0 0 4 4 -8  - 8  0 0 0 0 0 0 0 0 0 0 0 0 0 1 3 
R57 45 15 - 3  - 9  -3  15 45 - 3  - 9  3 -3  5 -1  3 - 3  -3  - 9  - 3  -1  1 -1  1 3 -3  -1 1 - 3  -1  1 3 0 0 
R58 45 15 - 3  - 9  - 3  15 45 - 9  -3  -3  3 -1  5 -3  3 - 9  -3  1 -1  - 3  3 1 -1 1 - I  -3  3 I -1  - 3  0 0 
R59 45 15 - 3  - 9  - 3  15 45 9 3 3 -3  I - 5  3 - 3  9 3 1 -1  - 3  3 1 -1  1 -1 -3  - 3  -1 1 3 0 0 
R6o 45 15 - 3  - 9  - 3  15 45 3 9 -3  3 - 5  1 - 3  3 3 9 " - 3  -1  1 -1 1 3 - 3  -1 1 3 1 -1 -3  0 0 
R61 45 -15 - 3  9 - 3  -15 45 9 -3  -3  -3  1 5 -3  - 3  9 -3  1 1 - 3  - 3  1 1 1 1 -3  -3  1 1 - 3  0 0 
R62 45 -15 - 3  9 - 3  -15 45 - 9  3 3 3 -1  - 5  3 3 - 9  3 1 I -3  - 3  1 1 1 1 -3  3 -1 -1 3 0 0 
R63 45 -15 - 3  9 - 3  -15 45 3 - 9  3 3 - 5  -1  3 3 3 - 9  - 3  1 1 1 1 - 3  -3  1 ! 3 -1 -1 3 0 0 
R64 45 -15 -3  9 -3  -15 45 - 3  9 -3  - 3  5 I -3  - 3  -3  9 - 3  1 1 1 1 - 3  - 3  ! 1 - 3  1 1 - 3  0 0 
R65 80 0 -16  0 16 0 -80  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 - 4  0 

Table 2 is continued on p. 882. 

By similar rotation of the vectors in the subset 

(r, 0, r - l ) ,  (-~,  0, ~-1), (0, r -1, r), 

( -1 ,  -1,  -1) ,  (1, -1,  -1)  

we obtain 

[ -~-/2 -~--'/z -112 1 D~(gs) = "r-l/2 1/2 - ' r /2  . 
1/2 -~'/2 - " r - l / 2  

Concluding remarks 

Knowledge of the character table and the symmetry ele- 
ments of the point group n 6 is essential for a clearer under- 
standing of its subgroups in 3-space. On the analytical side 
the Landau free energy must obey symmetry properties 
based on the irreps. Although B 6 is of large order, its 
character table can be obtained by direct methods on a 
minicomputer. Character tables for B,, n -< 5 may be found 
in the tables of James & Kerber (1981). 

SD wishes to thank Dr J Prince of BCC/CUNY for his 
interest and encouragement. We also thank the referee for 
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Table 2 (cont.) 

Class  33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64 65 
R I 1 1 1 1 ! 1 1 1 1 I 1 1 1 1 1 I I "1 1 1 1 1 1 1 1 1 1 I I 1 1 1 ! 
R z 1 1 1 1 I 1 1 1 1 - 1  - 1  - 1  - I  - 1  - !  1 1 I 1 1 ! 1 1 - !  - 1  - I  - 1  -1  - i  - 1  - I  - 1  - 1  
R 3 -1 1 1 -1 -1 1 1 -1 l -1 1 1 -1 -1 1 1 -1  - !  1 1 - !  -1 1 - I  1 1 - I  I - I  - i  1 -1 1 
R 4 - 1  1 1 - 1  - 1  1 1 - 1  1 l - 1  - 1  1 ! - 1  1 -1  - 1  l 1 - !  - 1  1 ! - 1  -1  1 -1  I 1 - 1  I -1  
R 5 -1 -1 -1 -1 - I  -1 2 2 2 -1 -1 -1 -1 -1  -1 - I  -1 -1 -1 0 0 0 0 1 I 1 1 1 1 1 1 0 0 
R 6 -1 - !  -1 -1 -1 -1 2 2 2 1 1 1 1 ! 1 -1 -1 -1 - I  0 0 0 0 -1  -1 -1 -1 -1 - l  - I  -1 0 0 
R 7 - 2  2 2 - 2  - 2  2 -1 1 -1  -1 1 1 - l  - I  1 - l  1 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 1 -1 
R s -2  2 2 - 2  -2  2 -1 l -1 1 -1 -1 l 1 -1 -1 l 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 -1 1 
R 9 1 -1 -1 1 1 - I  2 - 2  2 -1 ! ! -1 -1 1 -1 ! 1 -1 0 0 0 0 1 - !  -1 l -1  1 ! -1 0 0 
Rto ! - 1  - 1  1 1 - 1  2 - 2  2 1 - 1  - !  ! 1 - I  - 1  1 1 - 1  0 0 0 0 - 1  1 1 - I  1 - 1  - i  1 0 0 
Rit 2 2 2 2 2 2 -1 -1 -1 -1 - I  -1 -1 -1 - i  -1 -1 -1 -1 0 0 0 0 0 0 0 0 0 0 0 0 1 I 
Rt2 2 2 2 2 2 2 - 1  - 1  - 1  I 1 1 1 I 1 - !  - 1  - 1  - 1  0 0 0 0 0 0 0 0 0 0 0 0 - 1  - 1  
Rt3 1 1 -1 -1  -3  -3  0 0 0 -2  -2  0 0 2 2 0 0 0 0 1 1 -1 -1 -1 -1  -1 -1 I 1 1 1 0 0 
Rt4 - I  1 - 1  1 3 - 3  0 0 0 2 - 2  0 0 - 2  2 0 0 0 0 1 - 1  1 - 1  1 - I  - 1  1 1 - 1  - 1  1 0 0 
Rt5 1 1 -1 -1 - 3  -3  0 0 0 2 2 0 0 - 2  - 2  0 0 0 0 I 1 -1 - i  1 1 1 ! -1 -1 -1 -1 0 0 
Rt6 -1  1 - 1  1 3 - 3  0 0 0 - 2  2 0 0 2 - 2  0 0 0 0 1 - 1  1 -1  - 1  1 1 - I  -1  1 ! - 1  0 0 
Ri7 0 0 0 0 0 0 0 0 0 -1 -1 -1 -1 -1 -1 1 1 I 1 -1 - !  -1 -1 0 0 0 0 0 0 0 0 0 0 
Rt8 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 -1 - !  -1 -1 0 0 0 0 0 0 0 0 0 0 
Ri9 0 0 0 0 0 0 0 0 0 -1 1 1 -1 -1  1 1 -1 -1 I -1 1 1 -1 0 0 0 0 0 0 0 0 0 0 
R2o 0 0 0 0 0 0 0 0 0 1 -1 -1 1 1 -1 1 -1 -1 1 -1  1 1 -1 0 0 0 0 0 0 0 0 0 0 
R2t - 1  1 1 - 1  - 1  ! 1 - 1  1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 - 1  t 1 - 1  1 - I  - 1  1 1 - 1  
R22 -1 1 1 -1 -1 1 1 -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 i -1 - I  I -1 1 1 -1 -1 1 
R23 l 1 1 1 1 1 1 1 I 0 0 0 0 0 0 0 0 0 0 0 0 0 0 I 1 1 1 1 ! 1 1 -1 -1 
R24 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -1 -1 -1 - I  -1 -1 -1  -1 1 I 
R25 1 -1 -1 1 -3  3 0 0 0 -1 1 -1 1 -1 1 1 - I  1 -1 0 0 0 0 -1 1 -1 1 1 -1 1 -1 0 0 
R26 1 -1  - i  1 -3  3 0 0 0 1 - I  1 - !  1 -1 ! - I  1 -1 0 0 0 0 1 -1 1 -1 -1 1 -1 1 0 0 
R27 -1 -1 - i  -1 3 3 0 0 0 1 1 -1 - !  1 1 -1 -1 1 1 0 0 0 0 -1 -1 | 1 - !  -1 1 i 0 0 
R28 - I  -1 -1  -1  3 3 0 0 0 -1 -1 1 1 -1 -1 -1 -1  1 i 0 0 0 0 I 1 - I  -1 1 I -1 -1 0 0 
R29 1 - 1  - 1  1 - 3  3 0 0 0 I - 1  1 - 1  1 - 1  - 1  1 - 1  ! 0 0 0 0 - I  1 - 1  1 1 - !  1 - 1  0 0 
R3o 1 - !  - 1  1 - 3  3 0 0 0 - 1  1 - 1  1 - 1  1 - 1  1 - I  1 0 0 0 0 ! - 1  1 - 1  - l  ! - 1  1 0 0 
R31 -1  - !  -1  -1  3 3 0 0 0 -1 -1 ! 1 -1  -1 1 I - I  -1 0 0 0 0 -1 -1 I 1 -1 -1 1 1 0 0 
R32 -1 - !  -1 -1 3 3 0 0 0 1 I -1 -1 I 1 1 1 -1 -1 0 0 0 0 1 1 -1 -1 1 I -1 -1 0 0 
R33 -2  - 2  - 2  - 2  -2  -2  - 2  - 2  - 2  0 0 0 0 0 0 0 0 0 0 1 I 1 1 0 0 0 0 0 0 0 0 0 0 
R34 2 -2  - 2  2 2 -2  - 2  2 - 2  0 0 0 0 0 0 0 0 0 0 1 -1 -1 I 0 0 0 0 0 0 0 0 0 0 
R35 0 -2  2 0 0 -2  2 0 -2  0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 -2  0 -2  2 0 0 0 
R36 0 -2  2 0 0 - 2  2 0 - 2  0 0 0 0 0 0 0 0 0 0 0 0 0 0 -2  0 0 2 0 2 - 2  0 0 0 
R37 0 -2  2 0 0 -2  2 0 -2  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -2  2 0 2 0 0 -2  0 0 
R38 0 -2  2 0 0 - 2  2 0 - 2  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 - 2  0 -2  0 0 2 0 0 
R39 1 1 -1 -1 -3  -3  0 0 0 0 0 0 0 0 0 0 0 0 0 -1 -1 1 1 1 1 I 1 -1 - !  -1 -1 0 0 
R4O 1 1 -1 -1 -3  -3  0 0 0 0 0 0 0 0 0 0 0 0 0 -1 -1 1 I -1 - I  - I  -1 I I 1 1 0 0 
R41 - 1  1 - 1  1 3 - 3  0 0 0 0 0 0 0 0 0 0 0 0 0 - 1  1 - 1  1 - 1  I I - I  - I  1 1 - 1  0 0 
R42 -1 1 -1  1 3 -3  0 0 0 0 0 0 0 0 0 0 0 0 0 -1 1 -1 1 1 -1 -1 1 I - I  -1 1 0 0 
R43 1 1 1 -3  -3  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 -1 -1 1 1 - I  - !  0 0 
R44 1 1 I -3  -3  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -1 -1 1 I -1 -1 I I 0 0 
R45 -1 1 -1 3 -3  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 - I  1 -1 i I - I  1 - !  0 0 
Ra6 -1 1 - I  3 -3  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 l -1 I - !  - l  1 -1 1 0 0 
R47 1 -1 - I  -3  3 0 0 0 -2  2 0 0 2 - 2  0 0 0 0 0 0 0 0 1 -1 -1 I 1 -1 -1 1 0 0 
R48 -1  -1  1 3 3 0 0 0 2 2 0 0 - 2  - 2  0 0 0 0 0 0 0 0 -1  - 1  -1  -1  1 1 I 1 0 0 
R49 1 -1 -1  -3  3 0 0 0 2 -2  0 0 -2  2 0 0 0 0 0 0 0 0 -1 1 I - !  -1 1 1 -1 0 0 
Rso -1  -1  1 3 3 0 0 0 - 2  - 2  0 0 2 2 0 0 0 0 0 0 0 0 1 I 1 1 - I  -1  -1  - 1  0 0 
Rst 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 - 1  1 - I  0 0 0 0 0 0 0 0 0 0 
R52 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 -1 -1 0 0 0 0 0 0 0 0 0 0 
Rs3 3 - 1  I - 3  3 - 1  - 2  0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 - 1  - I  1 1 I 1 - 1  - 1  0 0 
Rsa -3  -1 1 3 -3  -1 - 2  0 2 0 0 0 0 0 0 0 0 0 0 0 0 ~ 0 0 I - I  1 -1 1 -1 1 -1 0 0 
R55 3 -1  1 - 3  3 - 1  - 2  0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 , 1 I - 1  -1  - i  - 1  1 1 0 0 
R56 -3  -1 I 3 -3  -1 -2  0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -1 ! -1 I - !  1 -1 1 0 0 
R57 0 0 0 0 0 0 0 0 0 1 1 -1 -1  1 1 1 1 -1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
R58 0 0 0 0 0 0 0 0 0 1 1 - 1  - 1  1 1 - 1  - 1  1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
R59 0 0 0 0 0 0 0 0 0 -1 -1 I I -1 -1 -1 -1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
R6o 0 0 0 0 0 0 0 0 0 - 1  - 1  1 1 - 1  - 1  1 1 - 1  - 1  0 0 0 0 0 0 0 0 0 0 0 0 0 0 
R6t 0 0 0 0 0 0 0 0 0 - 1  1 - 1  1 - 1  1 - 1  1 - 1  1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
R62 0 0 0 0 0 0 0 0 0 1 -1 1 -1 1 -1  -1 I -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
R63 0 0 0 0 0 0 0 0 0 - 1  1 - 1  1 - 1  1 1 - I  1 - 1  0 0 0 0 0 0 0 0 0 0 0 0 0 0 
R64 0 0 0 0 0 0 0 0 0 I - I  1 -1 ! -1 ' 1 -1 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
R65 0 4 - 4  0 0 4 2 0 -2  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
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